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Abstract 

m 

£NJ ' We evaluate the evolution operator ZR Cg (i? 2 , -Ri) introduced by Diakonov and Petrov for 

the definition of the Wilson loop in terms of a path integral over gauge degrees of freedom. 
We use the procedure suggested by Diakonov and Petrov (Phys. Lett. B224 (1989) 131) and 
show that the evolution operator vanishes. 
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Path integral for the evolution operator ZR eg (i? 2 , R\) 



In Ref.[l] for the representation of the Wilson loop in terms of the path integral over gauge 
degrees of freedom Diakonov and Petrov used the functional Z(R2,R\) defined by (see Eq.(8) 
ofRef.[l]) 



R 2 / *2 



Z(R 2 ,Rx) = J DR(t) exp liT J Tr(iRRT 3 )\, (1) 



Ri x ti 



where R = dR/dt and T = 1/2,1,3/2,... is the colour isospin quantum number. According 
to Diakonov and Petrov Z(R2,R\) should be regularized by the analogy to an axial-symmetric 
top. The regularized expression of Z(R2, Ri) has been determined in Eq.(9) of Ref.[l] and reads 



R2 / t 2 

■1 . 1 



^Re g (^2,i?i) = J DR(t) expUJ [-i ± (nl + n 2 2 ) + -i ll n 2 3 + Tn 3 ] j, (2) 

Ri ^ h > 

where fi a = iTr(RRT a ) are angular velocities of the top, r a are Pauli matrices a = 1,2,3, 
and Iii are the moments of inertia of the top which should be taken to zero. According to 
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the prescription of Ref.[l] one should take first the limit In 
confirmation of the result, given in Eq.(13) of Ref.[l], 



and then It 



Z^ g (R 2 ,Ri) = (2T + 1) D^ T (R 2 R\) = (2T + 1) D t t _ t (RiR\), 



0. For the 



(3) 



where D T (U) is a Wigner rotational matrix in the representation T, Diakonov and Petrov 
suggested to evaluate the evolution operator (§) explicitly via the discretization of the path 
integral over R. The discretized form of the path integral Eq. (|2j) is given by Eq.(14) of Ref.[l] 
and reads 



N 

ZReg(RN+i, Ro) = lim / II dRn 

N -> OO J n =l 

5 



OO 





x exp 



N 

E 

Ln=0 



25 



(TrKTi) 2 + (TrKr 2 ) : 



T(TiV n T 3 ) 



(4) 



where R n = R{s n ) with s n = t\ + n5 and V n = R n R} n+1 are the relative orientations of the top 
at neighbouring points [1]. The normalization factor J\f is determined by 



N ■ 



in 



N+l 



2ixi5 V 2iri5 



(5) 



(see Eq.(19) of Ref.[l])- Following the prescription of Ref.[l] one should take the limits 5 — > 
and Jii, I± —>■ but keeping the ratios h/5, where (i = \\, JL), much greater than unity, Ii/5 S> 1. 

The main point of the evaluation of the path integral is to show that the evolution operator 
ZR eg (i?2) Ri) given by the path integral @ reduces to the representation in the form of a sum 
over possible intermediate states, i.e. eigenfunctions of the axial-symmetric top [1] 



OO J 

Z Reg (R 2 , Ri) = Yl E ( 2 J + !) ^(^2^) e " 

J=0 m=-J 



■i(t 2 - h) Ej Tt 



(6) 



(see Eq.(12) of Ref.[l]), where Ej m are the eigenvalues of the Hamiltonian of the axial— symmetric 
top 



Ejm 



J(J + 1) 



in" (m — Ty 



2I± 



+ 



2h 



(7) 



(see Eq.(ll) of Ref.fl]). 

According to Diakonov's and Petrov's statement the integral has a saddle-point at V n ~ 1. 
For the calculation of the integral around the saddle-point Diakonov and Petrov suggested the 
following procedure. Let us denote the exponent of Eq.(||) as 



f[Vn 



I± 

25 



(TrV n n) 2 + (TrV n T 2 ) 



i^(TtV n r 3 f - T(TtV n r 3 ) 
25 



and represent the exponential in the following form 

OO J J 



e /[K] = E E E( 2 ^ + i)^<(K) 

J=0 p=-Jq=-J 



(8) 



(9) 
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The coefficients X pq are given by 

\ j m = Jdu n D j qp (ui) e n u ^. 



Substituting Eq.(lO) in Eq.(||) we get the identity 

oo J J . 

e f[V n ] = J2 Y, J2(2J+l)D J pg (V n ) dU n D J qp {Ui)en U -\. 

J=0p=-J q=-J J 

Let us show that Eq.(0) is the identity. For this aim we have to use the relation 



oo J J oo 

E E E ( 2 J + !) D U V n) D U U n) = E ( 2 J + 1) XAVnUl]. 
J=0p=-J q=-J J=0 



By using Eq. (|l2[) the r.h.s. of Eq. (|ll|) reads 

f dU n ef^ f^(2J+l) X j[V n Ul) = f dU n ef^ 5(V n Ul) = 

where 5{V n UX) is a ^-function defined by 

oo 

J2(2J + l)xj[V n Ul] = 5(V n Ul). 

J=0 

The important consequence of these steps is that dU n as well as dV n is a standard Haar 
normalized to unity 

r du n = [dV n = l. 



This point alters crucially the results of Ref.[l]. 

Inserting the expansion Eq.(0) in the r.h.s. of Eq.(H) we obtain 



•^Reg(-R/v+ii Ro) = nm J\f . ■ ■ dR\ dR2 ■ ■ ■ dRjf-i dRw 

7V — k r>n J J 



GO J{) Jq „ 

E E E ( 2 J o + !) D i° oqo (Ro R l) J dU ° D i° po ( u o) ef[Uo] 

h=0 po=—Jq qo=—Jo 

oo Ji Ji « 

E E E (2^1 + 1) <v &i4) J dui D J q i Pl (u\) 

h=0pi=—Ji qi = — Ji 

CO Ji Ji j. 

E E E (2^ + 1) Dil q2 {R 2 R\) j dU 2 DjhWi) efW 
h=0p2=-Jiqi=-Ji 

OO JjV JN r. 

E E E {2J N + l)D J p - qN {R N R\ +l ) J dU N D% PN (tf N )ett U W 



Integrating over R n (n = 1, 2, . . . , N) and using the orthogonality relation for the group elements 
we arrive at the expression 



oo J J 



Z Rcg (R N+l ,R ) = lim E E E ( 2J + !) D l q W ] N+l )M / dU D J qp (tf ) e^l 



N — > OO J=Qp= _ Jq= _j 

6^0 



x / riC/i^^e/^ / dU 2 D J qp (ul)e^... [ dU N D J qp {U^ N ) e^ U ^ 



OO J J 

lim E E E ( 2 J + !) D p q ( R o R N+i) l z , 

N —> OO J=0p=-J q =-J 

5^0 



J]N+1 
qpl ' 



(17) 



where Z^, is defined by 



Z. 



*L . 'II 



9P 27ri<5 V 2vr^ 



dU D J qp {U ] )e^ U y 



(18) 



Recall that (if/ is the Haar measure normalized to unity Eq.(|l5|), 

For the subsequent evaluation of the integral over U we follow Diakonov and Petrov and use 



for the fundamental representation and 

D J qp (U j ) = (e- l °- f 



qp 



for J 1/2. In the parameterization ( |T9| ) the Haar measure dU reads 



dU 



dujidui2duJ3 (2 .to 



16tt 2 



sin 
uj 2 



(19) 



(20) 



(21) 



where uj = J uj\ + uj\ + uj\ . According to the Diakonov and Petrov point of view the integral over 
U calculated in the limit I\\/5,I±/5 — > oo has a saddle point at C/ ~ lQ. Expanding the integrand 
around the saddle-point, keeping only quadric terms and neglecting the contribution of the 
terms coming from the Haar measure, we get 



OO OO iaj , J_ \ 

J dwi J duj 2 J duj 3 exp < i-^ (uf + uj\) + i-^ w| > 



27rz5 V 2iri5 



-oo — oo — OO 



X 



5 qp - - [u>i{Tl) qp + u l 2 {Ti) qp ] - - u>i ((T 3 + T)% 



(22) 



Integrating over uj a (a = 1, 2, 3) we arrive at the expression 

-■2 i rp2\ (fm , t^2 



7./ 



(5 gp - i 5 



5g P < 1 - i 5 



2I± 2i|| 

"(J(J+l)_ p 2) (p + T ) 



2/ ± + ^ir >■ w 

1 Below we do not pay attention to the factor 1/167T 2 that has to be included in the normalization factor JV in 
the form (16tt 2 ) jv+1 . 
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This agrees with the result obtained by Diakonov and Petrov (see Eq.(18) of Ref.[l]) 

Substituting Eq.(^) in Eq.(|T7|) we obtain the evolution operator Zr^RqR^^) defined by 

oo J J 

Z Reg (R N+u Ro) = lim E E E ( 2 J + !) D J pq ( R ° R N+i) [Zjp] N+1 = 

N — > OO J=0p=-J q =-J 

5^0 



oo J 

lim ]T E (2J + l)D J pp (R R 
N —> oo j=o P =-j 
8^0 



t > 

JV+l/ 



oo J ( 

lim £ E ( 2 J + !) ^(^o^Jv+i) 1 
^°°J=0p=-J I 



1 -itf 



*2~*1 

N + l 



(J(J+l)_p2) (p + D 



2Ji 



+ 



2Ji 



(J(J +1 )-p2) (p + T) 2 



iV+1 



-i ^ AT+1 



2J ± 



+ 



2Jn 



(24) 



where we have used the definition of 5: 5 = (i 2 — ti)/(N + 1) [!]• 
Taking the limit JV^oowe get 



^Rcg(-Roo, Ro 



00 j 

E E (2J + l)£&(i2oi& 

J=0p=-J 



Replacing Ro —> R\ and i?^ 

^Rcg(-R2) -Rl) = 



x exp 



i?2 we arrive at the expression 

00 j 

,0-, , n n./ ,0 



(J(J+1)- P 2 ) 

2/ ± 



+ 



2/11 



(25) 



E E (2J + 1)^(^4 

J=0p=-J 



x exp 



(J(J+1)-P 2 ) 

2/ ± 



+ 



(p + T) 2 



2Jn 



(26) 



This expression coincides fully with the result obtained by Diakonov and Petrov (see Eq.(22) of 
Ref.[l]) and reproduces the expansion of the evolution operator (q) (see Eq.(12) of Ref.[l]). 

Now taking the limits In — > and I± — > we have to keep the term — p = J = T [1] and 
obtain 



Z Reg ( J R 2 , R x ) = (2T + 1) D^^RxRl) exp 



(27) 



In the limit I± — > due to this strongly oscillating factor the r.h.s. of Eq.([27|) vanishes. This 
point has been discussed in detail in Refs.[2,3]. Such a vanishing of the evolution operator 
confirms the statement in Refs.[2,3] that the path integral representation of the Wilson loop by 
Diakonov and Petrov is erroneous. 

We would like to accentuate that following Diakonov' s and Petrov' s evaluation of the integral 
over U we have not taken into account the contribution of the Haar measure. From the Haar 
measure (|2l| ) we should get an additional contribution 

1 du!idoj2duj3 

16V 2 V" 12 



dujidu)2duj^ ( 2 u> 

dU = 7, — sin — 

16vr 2 \lo 2 



(l-Tj^i+wi+wf)). 



(28) 



This changes the value Z qv in Eq.(|23[) as follows 



qp 



Jqp 



1-iS 



' 2 1 

12 \7I + h 



iS 



(J(J + l)-p 2 ) , (p + T) 



2I± 



+ 



2h 



(29) 
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J In 



However, it is not the complete set of contributions of order 0(5/I±) and 0(5/ to Z qp . 
order to take into account all of them we have to expand too the exponential exp f[U] keeping 
the terms of order ujfl±/5, uj 2 I±/5, u^Ih/6 and so on. The corresponding expansion of the 
exponential exp f[U] reads 



exp f[U] = exp 



7± 
'245' 



2\2 



.I±+I\\ 

' 245 



[<4 + <4) 



l 245^ + 



where ellipses denote the terms that have been taken into account in (|2 
The contribution of the terms in Eq. ( |30[) changes Z J p fl29| ) as follows 



Z 



qp 



Jqp 



1 + iS 



1 



8 \I± 



2 1 



i5 



(J(J + 1) 



2I ± 



(P + Tf 
2h 



(30) 



(31) 



This describes the total contribution of the terms of order 0(5/I±) and 0(5/Iii). Due to Eq.(|3l|) 
the evolution operator reads 



Z Reg (R 2 ,R 1 ) = exp li (t 2 - h) - f^ + ^" 



oo J 



x E E ( 2 3 + !) D ^p(Ri R l) exp - i (t 2 
J P =-J I 



(J(J + l)-p 2 ) , (p + T) 



2/± 



+ 



2/n 



(32) 



Hence, the evaluation of the path integral @ with the correct account for all 
contributions of order 0(6/Ij_) and 0(5/ In) around the saddle point, including the 
contributions of the Haar measure and the terms of order uifl±/5, lo 2 I^/5, lu^I^/5 
and so on, leads to a result that differs fully from the expansion (^) derived from 
the quantum mechanical consideration of Z Rcg (R2, R\) in terms of eigenfunctions 
of the axial symmetric top. This means that the path integral (|2|) representing 
the evolution operator ZR eg (i?2, R±) has no relation to the axial symmetric top and 
predicts a completely different energy spectrum than that given by Eq.(|7|) for the 
quantum axial symmetric top. In the limit / — > and I± — > the evolution operator 
vanishes by virtue of the strongly oscillating factors. 

Thus, the only well defined magnitude of the evolution operator is zero. This confirms fully 
the results obtained in Refs.[2,3] that the evolution operator Zn e g(R 2 , R±) vanishes and the path 
integral representation of the Wilson loop suggested by Diakonov and Petrov in terms of the 
evolution operator Z^ eg (R 2 , R\) is erroneous. All of these statements are completely applicable 
to the results discussed by Diakonov and Petrov in their recent manuscript hep-lat / 0008004 [4] . 
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